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INFINITESIMAL AND LOCAL CONVEXITY OF A
HYPERSURFACE IN A SEMI-RIEMANNIAN MANIFOLD
ERASMO CAPONIO
Abstract. Given a Riemannian manifold (M,g) and an embedded hypersur-
face H in M , a result by R. L. Bishop states that infinitesimal convexity on a
neighborhood of a point in H implies local convexity. Such result was extended
very recently to Finsler manifolds by the author et al. [2]. We show in this
note that the techniques in [2], unlike the ones in Bishop’s paper, can be used
to prove the same result when (M,g) is semi-Riemannian. We make some re-
marks for the case when only timelike, null or spacelike geodesics are involved.
The notion of geometric convexity is also reviewed and some applications to
geodesic connectedness of an open subset of a Lorentzian manifold are given.
1. Introduction
Let Ω be an open of subset of R2 and f : Ω → R be a differentiable function
in Ω. We say that f is locally convex at a point (x0, y0) ∈ Ω if there exists a
neighborhood U ⊂ Ω of (x0, y0) such that the graph of the restriction of f to U
is nowhere below the tangent plane at
(
x0, y0, f(x0, y0)
)
or, equivalently, all the
straight lines through the point
(
x0, y0, f(x0, y0)
)
are nowhere above the graph of
f|U . If f is twice differentiable then the above condition is satisfied if the Hessian
of f is positive semidefinite in a neighborhood of (x0, y0), while the positive semi-
definiteness of d2f at the single point (x0, y0) is necessary but not sufficient, as the
function f(p) = f(x, y) = −(x4 + y4) at (0, 0) shows.
Let H be the hypersurface in R3 which is the graph of the function f ; the
following quadratic form associated to the Hessian of f at a point (x, y), i.e.
Π(x,y)
(
(u, v), (u, v)
)
=
fxx(x, y)u
2 + 2fxy(x, y)uv + fyy(x, y)v
2
√
1 + f2x(x, y) + f
2
y (x, y)
,
is the second fundamental form of H at
(
x, y, f(x, y)
)
. Thus, the convexity of a
twice differentiable function f in a neighborhood of (x0, y0) ∈ Ω is equivalent to
the fact that the Π is positive semidefinite in the same neighborhood.
Now assume that H is a smooth embedded hypersurface in a Riemannian man-
ifold (M, g). The natural generalizations of the above notions are the following
ones:
▽ the first one becomes the requirement that there exists a neighborhood U˜
in M of p0 ∈ H such that the intersections of the images of the geodesics
through p0 with velocity vector at p0 tangent to H with U˜ are contained on
the closure of one of the two connected component U˜ \H or, equivalently,
there exists a neighborhoodO of 0 ∈ Tp0H and a neighborhood U˜ of p0 such
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that the expp0(O) is contained H ∪C, where C is one of the two connected
component of U˜ \H ; this condition is called local convexity at p0;
✸ the second one becomes the requirement that there exists an open neigh-
borhood U ⊂ H of p0 such that the second fundamental form of U , with
respect to a smooth unit normal vector field n on U , is positive semidefinite1
for each p ∈ U , i.e.
Πp(v, v) = gp(n,∇V V ) ≥ 0, (1)
where ∇ is the Levi-Civita connection of (M, g) and V is a vector field on
M extending v ∈ TpH ; this condition is called infinitesimal convexity in U .
Remark 1.1. The global versions of these definitions require that the embedded
hypersurface H is orientable, i.e. H must admits a smooth unit normal vector field
n. In such a case, H is said infinitesimally convex if Π(v, v) ≥ 0, for each v ∈ TH ,
where Π is the second fundamental form of H with respect to n.
As in the case of the graph of a function, infinitesimal convexity at a neighborhood
of p0 ∈ H implies local convexity. Surprisingly enough, this property was proved
only relatively recently for a hypersurface in a Riemannian manifold having constant
sectional curvature in [15] and in the general case in [9]. Besides, the proof in [9] is
rather involved and it seems to depend drastically on the Riemannian setting. In
Section 2, we will describe which are the obstacles one encounters trying to extend
Bishop’s proof when the ambient manifold is a Finsler or a semi-Riemannian one.
The implication in the Finsler setting was obtained recently in [2]. In Section 3 we
will show that the techniques in [2] also give the implication in a semi-Riemannian
manifold and in Section 4 we will consider the same problem in relation to the
causal character of the geodesics and to another notion of convexity called geometric
convexity. Finally, we will see some applications to geodesic connectedness of an
open subset of a Lorentzian manifold by means of causal geodesics.
2. A review of Bishop’s proof
The proof in [9] that infinitesimal convexity in a neighborhood U of a point
p0 ∈ H implies local convexity at p0 is based on a reduction of the general problem
to the case of a Riemannian manifold (M, g) of dimension two. Such a reduction is
quite natural and it is based on the following idea. For any geodesic γ starting from
p0 with initial velocity tangent to H ∩ U at p0, consider the surface S(γ) ruled by
the geodesics orthogonal to H ∩U and passing through γ. Two such surfaces S(γ),
S(γ¯), γ 6= γ¯, intersect along the geodesic σ which is orthogonal to H at p0 (see Fig.
1). Then, for each γ, define the unit vector field E ∈ TS(γ) which is the geodesic
field (with respect to the Riemannian metric induced on S(γ) by g) such that Ep
is orthogonal to σ for all p ∈ σ. The surface S(γ) can be parametrized by the
coordinates u and v which are, respectively, the affine parameters of σ and γ (thus
1According to the case when H is the graph of a function and n is the smooth unit vector
which lies on the same side of the graph as the canonic unit vector defining the axis of the values
of the function, from [9], we know that the geodesics issuing from p0 and tangent to H are locally
contained in the closure of the component of a tubular neighborhood of H individuated by −n.
As the sign of Π changes if one changes n with −n, it is clear that what is really important in
this definition is the fact that Π is semidefinite in U , either positive or negative. Clearly in the
case when Π is negative semidefinite the geodesics tangent at p0 to H are locally contained in the
component individuated by n itself.
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σ=σ(u)
S(γ)
γ
γ
S(γ)
=γ(v)
Figure 1.
γ is represented on S(γ) by the equation u = 0). The unit vector field X in TS(γ)
which is tangent to H∩S(γ) can be written as X(u,v) = c(u, v)E(u,v)+s(u, v)F(u,v),
where F is the smooth unit vector field in TS(γ) orthogonal to E (oriented in such
way that Fp0 = −np0). Using the infinitesimal convexity assumption, it is possible
to obtain a differential inequality, satisfied by the function s, implying that s is non
positive on H ∩ S(γ). Then local convexity at p follows from the observation that
X(u) = cE(u) + sF (u) = sF (u) ≥ 0.
The delicate point in this argument is that E could not be a well defined vector
field in U˜ \ {σ}, for any convex neighborhood U˜ of p0 in M .
By convex neighborhood of a point p in a Riemannian or semi-Riemannian mani-
fold, here and hereafter, we mean an open neighborhood U˜ which has the property
that any two point in U˜ are connected by a unique geodesic whose support is con-
tained in U˜ (it is well known than any point on a Riemannian or semi-Riemannian
manifold has a convex neighborhood, see for example [27, Ch. 5, Prop. 7]).
Bishop rules out this pathological case by using an estimate on the distance in
M of the focal points of σ in S(γ). Such estimate is based on the one hand on the
fact that, the Gauss curvatures of the surfaces S(γ) are uniformly bounded from
above (in a neighborhood of p0) by the sectional curvature of the ambient manifold
M (provided that the metric is at least C4), on the other one on the fact that the
geodesics in S(γ) having E as their velocity vector fields, leave σ orthogonally and
then the the distance from σ (in M) of their points can be evenly controlled.
Such type of arguments have no straightforward extension when the ambient
manifold (M, g) is semi-Riemannian. Indeed, as shown in [26], if the sectional
curvature is bounded for all timelike or spacelike planes at a point p then it is
constant at p. Moreover the Morse index of spacelike geodesics is always +∞. Thus,
Rauch comparison theorems (see [8] for the case of geodesics starting orthogonally to
a given geodesic) do not generally hold in semi-Riemannian geometry. Some results
are available in literature, but they concern either causal geodesics (cf. [5, §11.2]
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for geodesics connecting two given points and [24, 16] for more general boundary
conditions) or Jacobi fields along a given single geodesic of any causal character
satisfying two different types of boundary conditions [23].
In [2], Bishop’s result was extended to a hypersurface in a Finsler manifold
(M,F ) by using a different approach from that in [9]. In the Finslerian setting, the
problem of directly extending the proof in [9] is not related to the lack of satisfac-
tory comparison results (cf. [1, §9.1]) but rather on the fact that the differential
inequality satisfied by the function s above (that comes from the evaluation of the
second fundamental form of the curve S(γ) ∩H , in the two dimensional manifold
S(γ), which assumes by construction the same values of that of the hypersurface
H) is obtained by using, in an essential way, the metric compatibility of the Levi-
Civita connection. For a Finsler manifold, the role of the Levi-Civita connection
can be played by the Chern connection which is metric compatible (and torsion
free) if and only the Finsler structure is Riemannian (see, e.g. [1, Exercise 2.4.2]).2
The approach followed in [2] will be briefly described in the next section. Here,
we would like to emphasize that when the Finsler metric comes from a Riemannian
one (i.e. F (v) =
√
g(v, v)) the result in [2] improves the one in [9] with respect to
the smoothness assumption on the metric and on the hypersurface. Indeed from [2],
it is enough that the metric is differentiable with locally Lipschitz differential (and
we will assume the same on the semi-Riemannian metric g) while in [9] it assumed
that it is C4.
Remark 2.1. In regarding to the smoothness of the hypersurface, we slightly im-
prove the requirement in [2] that the hypersurface is an embedded submanifold
locally described as the regular level of a twice differentiable function having Lips-
chitz second differential. Since at each point of an embedded submanifold H there
is a coordinate system adapted to H (see e.g. [27, Ch.1, Prop. 28]), it will be clear
in the proof of Lemma 3.5 that it is enough to assume that the hypersurface H is a
C2 embedded submanifold of M (of course, also (M, g) must have a differentiable
structure of class at least C2).
3. Infinitesimal convexity implies local convexity
Let (M, g) be a semi-Riemannian manifold of dimension m and H be an em-
bedded non-degenerate hypersurface in M . Let φ be a function defined in a neigh-
borhood U˜ ⊂ M of p0 ∈ H such that φ−1(0) = H ∩ U˜ and its gradient ∇φ at
any p ∈ φ−1(0) has the same orientation of the smooth unit normal unit vector
field n in H ∩ U˜ with respect to which the second fundamental form of H ∩ U˜ is
defined. Let Hφ := ∇(dφ) be the Hessian of φ, where ∇ is the Levi-Civita connec-
tion of (M, g). In a coordinate system (W, (x1, . . . , xm)) of M , using the Einstein
summation convention, we get
(Hφ)p(u, v) =
∂2φ
∂xi∂xj
(p)uivj −
∂φ
∂xl
(p)Γlij(p)u
ivj , (2)
2In some cases, the Chern connection which is a linear connection on the vector bundle pi∗TM
over TM \ {0}, pi : TM → M the natural projection, reduces to a linear connection on M , even
if the Finsler metric is not a Riemannian one. When this happens the Finsler metric is said of
Berwald type. Since from a theorem of Szabo´ (cf. [1, §10.1]), given a Berwald metric F on M ,
there exists a Riemannian metric such that its Levi-Civita connection coincides with the Chern
connection of F , we can state, as already observed in [10], that Bishop’s proof is also valid in any
Berwald space.
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for any p ∈ V and any u = (u1, . . . , um), v = (v1, . . . , vm) ∈ TpM , where Γlij are the
Christoffel symbols of the metric g. From (2), it’s easy to see that if γ : (a, b)→M
is a geodesic then
(φ ◦ γ)′′(s) = (Hφ)γ(s)
(
γ˙(s), γ˙(s)
)
. (3)
The following lemma, concerning the equivalence between the second fundamental
form of H ∩ U˜ and the Hessian of a function φ as above, is well known. We give
here a proof for the sake of completeness.
Lemma 3.1. For all V ∈ T (H ∩ U˜), Hφ(V, V ) = −|∇φ|Π(V, V )
Proof. By definition, Hφ(V, V ) = V˜ (V˜ (φ)) −∇V˜ V˜ (φ), where V˜ is any vector field
on M extending V and ∇φ is the gradient of φ. Using the metric compatibility of
the Levi-Civita connection we get V˜ (V˜ (φ)) −∇V˜ V˜ (φ) = g(∇V˜∇φ, V˜ ). As V and
∇φ are orthogonal at any point of H ∩ U˜ , we get on H
0 = V (g(∇φ, V )) = g(∇V˜∇φ, V˜ ) + g(∇φ,∇V˜ V˜ ),
hence Hφ(V, V ) = −g(∇φ,∇V˜ V˜ ) on H . As n =
∇φ
|∇φ| |H and Π(V, V ) = g(n,∇V˜ V˜ )
we get the thesis.  
Remark 3.2. As already observed in [4, Section 3], locally defining the hypersurface
H as a regular level set of a function allows to extend the notion of infinitesimal
convexity to hypersurfaces having points where the tensor induced by the ambient
metric is degenerate. At these points, the notion of second fundamental form is
meaningless. In what follows, unless differently specified, we will assume that H is
an embedded hypersurface in (M, g), non necessarily non-degenerate.
Definition 3.3. Let (M, g) be a semi-Riemannian manifold and H be a C2 embed-
ded hypersurface in M . We say that H is infinitesimally convex in a neighborhood
U ⊂ H of a point p0 ∈ H if there exists a neighborhood U˜ of p0 in M and a C2
function φ : U˜ → R such that U = U˜ ∩H = φ−1(0), 0 is a regular value of φ, and
Hφ(V, V ) is semi-definite (either negative or positive), for all V ∈ TU .
Remark 3.4. From Lemma 3.1, it is clear that this definition is independent of the
function φ if H is a non-degenerate hypersurface. A posteiori, from Theorem 3,
the same is true also in the degenerate case. Indeed if there exists a function
φ with respect to which H is infinitesimally convex in U , by Theorem 3, H is
locally convex in U and then it is infinitesimally convex with respect to any other
function. Moreover the “local convex side” of H (i.e the closure of the connected
component of U˜ \H where the geodesics starting at the points of U with velocity
vector tangent to H are locally contained) is {x ∈ U˜ : φ(x) ≤ 0}, if Hφ(V, V ) ≤ 0,
and {x ∈ U˜ : φ(x) ≥ 0}, if Hφ(V, V ) ≥ 0.
A very natural approach in trying to prove that infinitesimal convexity in a
neighborhood of a point p0 of a hypersurface implies local convexity is to evaluate
φ along any geodesic arc γ starting at p0 with initial velocity vector tangent to H .
The infinitesimal convexity assumption can be used to get a differential inequality
satisfied by the function ρ = φ ◦ γ, at least when the image of γ is contained on the
side of H which is the candidate convex one (recall Remark 3.4). The differential
inequality and the initial conditions satisfied by ρ imply that ρ is actually constant
and equal to 0, that is the geodesic γ is contained in H . This is an intermediate
fundamental step to prove local convexity at p0. The remaining part of the proof is
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a quite trivial consequence of the fact that any point in a semi-Riemannian manifold
has a convex neighborhood.
Lemma 3.5. Assume that H is infinitesimally convex in a neighborhood U of
p0 ∈ H. Let U˜ be a neighborhood of p0 in M and φ : U˜ → R such that 0 is a regular
value of φ and φ−1(0) = H ∩ U˜ = U , and Hφ(V, V ) ≤ 0 for each V ∈ TU . Let
γ : [0, b]→M be a geodesic satisfying the initial conditions γ(0) = p0, γ˙(0) ∈ Tp0H
and such that γ([0, b]) ⊂ {x ∈ U˜ : φ(x) ≥ 0}, then γ([0, b]) ⊂ H.
Proof. Since H is an embedded submanifold, we can assume, without loss of gener-
ality, that U˜ is the domain of a coordinate system, ϕ : U˜ → Rm, ϕ = (x1, . . . , xm)
centered at p0 and that x
m(p) = 0, for each p ∈ H ∩ U˜ , and the function φ is
equal to xm. Then the map P : U˜ → H , P(p) = ϕ−1
(
(x1(p), . . . xm−1(p), 0
)
, is
well defined. Let γH be the projection on H of the geodesic γ, γH(s) = P(γ(s)) =
ϕ−1(γ1(s), . . . , γm−1(s), 0), where γi, i = 1, . . . ,m are the components of the geo-
desic γ in the coordinate system (U˜ , ϕ) (see Fig. 2). In our notations, the function
H
xm
0
p0 γH
γ
U
Figure 2.
ρ = xm(γ) is the m-th component γm of γ. Thus, from (3) and (2), the second
derivative of ρ is given by
ρ¨(s) = (Hxm)γ(s)(γ˙(s), γ˙(s)) = −Γ
m
ij (γ(s))γ˙
i(s)γ˙j(s).
Since H is infinitesimally convex in U ,
(Hxm)γH(s)(γ˙H(s), γ˙H(s)) = −Γ
m
ij (γH(s))γ˙
i
H(s)γ˙
j
H(s) ≤ 0.
Thus we can estimate ρ¨ as follows
ρ¨(s) ≤ −Γmij (γ(s))γ˙
i(s)γ˙j(s) + Γmij (γH(s))γ˙
i
H(s)γ˙
j
H(s)
= −Γmij (γ(s))γ˙
i(s)γ˙j(s) + Γmij (γH(s))γ˙
i(s)γ˙j(s)
+ Γmij (γH(s))(γ˙
i(s) + γ˙iH(s))(γ˙
j
H(s)− γ˙
j(s))
=
(
Γmij (γH(s))− Γ
m
ij (γ(s))
)
γ˙i(s)γ˙j(s)
+ Γmij (γH(s))(γ˙
i(s) + γ˙iH(s))(γ˙
j
H(s)− γ˙
j(s)) (4)
For each p ∈ U , let us call Γm(p) the symmetric bilinear operator on Rm defined by
the Christoffel symbols Γmij at p. The first term in the summand in (4) is bounded
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above by ||Γm(γH(s)) − Γm(γ(s))|| |γ˙(s)|2, where ‖ · ‖ is the norm of the bilinear
operators on Rm and |γ(s)| is the Euclidean norm of the vector (γ˙i(s))i ∈ Rm.
Since γ is smooth on [0, b] and the Christoffel symbols are Lipschitz on U , this
last quantity is bounded above by a|γH(s) − γ(s)|, where a is a positive constant
depending on γ and |γH(s)− γ(s)| is the Euclidean norm of (γ
i
H(s)− γ
i(s))i ∈ R
m,
hence it is equal to |γm(s)| = |ρ(s)| = ρ(s). By continuity, the second term in (4)
is bounded above by b|γ˙jH(s) − γ˙
j(s)| = b|γ˙m(s)| = b|ρ˙(s)|, where b is a positive
constant depending on γ. Therefore, ρ satisfies the differential inequality
ρ¨ ≤ c(ρ+ |ρ˙|) (5)
and the initial condition ρ(0) = ρ˙(0) = 0 and from [2, Lemma 3.1], it must be equal
to 0 on [0, b] (i.e. xm ◦ γ = φ ◦ γ ≡ 0).  
Theorem 3.6. Let (M, g) be a semi-Riemannian manifold and H be an embedded
C2 hypersurface in M . Let p ∈ H and U be a neighborhood of p in H, then H is
infinitesimally convex in U if and only if it is locally convex in U .
Proof. Let U˜ be an open subset of M and φ : U˜ → R be a function such that 0 is
a regular value, φ−1(0) = H ∩ U˜ and U = H ∩ U˜ .
Assume that H is locally convex at any point p ∈ U , i.e there exists a neigh-
borhood O of 0 ∈ TpM such that expp(O ∩ TpH) is contained in the closure one of
the connected component of U˜ \H , say {x ∈ U˜ : φ(x) ≤ 0}. Let v ∈ O ∩ TpH and
consider the affinely parametrized geodesic γ such that γ(0) = p, γ˙(0) = v. Thus
there exists a ∈ (0,+∞) such that the function φ : γ : [−a, 1] → R is well defined
and has a maximum point at 0. Therefore (Hφ)p(v, v) = (φ ◦ γ)′′(0) ≤ 0.
Assume now that H is infinitesimally convex in U , with Hφ(V, V ) ≤ 0 for all
V ∈ TU . Let p ∈ U ; we are going to show that for any open convex neighborhood
B of p in M the set C : = B ∩ {x ∈ U˜ : φ(x) > 0} is also convex, i.e any two
points in C are joined by a unique geodesic whose support is contained in C. Let
A be the subset of C × C given by the couple of points that can be connected
by a unique geodesic with support in C. As C is a connected subset of M , it is
enough to show that A is non-empty and it is an open and closed subset in C ×C.
Clearly, each couple (p1, p1) ∈ C ×C can be connected by a constant geodesic, i.e.
A 6= ∅. If (p1, p2) ∈ A and α is the unique geodesic connecting them and whose
inner points are in C, by smooth dependence of geodesics by boundary conditions
in a convex neighborhood (cf. [27, Ch. 5, Lemma 9]), we can consider two small
enough neighborhoods U1 and U2 of p1 and, respectively, p2 in C, such that the
unique geodesic in B connecting p¯1 ∈ U1 to p¯2 ∈ U2 lies in a small neighborhood of
α, hence its points are contained in C and A is open. Now let (p1, p2) ∈ A ⊂ C×C
and consider a sequence (p1n, p
2
n)n ⊂ A converging to (p1, p2). The sequence of
geodesics αn, parametrized on [0, 1] and connecting p
1
n to p
2
n in B converges in
the C2 topology to the geodesic α : [0, 1] → B connecting p1 to p2. Thus α lies
in {x ∈ U˜ : φ(x) ≥ 0}. As the points p1 and p2 are in {x ∈ U˜ : φ(x) > 0}, from
Lemma 3.5, α cannot be tangent to H at any of its inner points.
Having proved that C is a convex neighborhood in M , the rest of the proof
follows by contradiction. Indeed, assume that there exists p ∈ U and a sequence
of vectors (vn) ⊂ TpH such that vn → 0 and pn : = expp(vn) ∈ C. Let γn be the
geodesic in C connecting the first point of the sequence p1 to pn. As pn converges to
p the sequence γn converges uniformly (actually in the C
2 topology) to the geodesic
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γ : [0, 1]→ B connecting p to p1 in B. By uniform convergence, the image of γ must
be contained in {x ∈ U˜ : φ(x) ≥ 0}. Since γ(0) = p ∈ H and γ˙(0) = v1 ∈ TpH ,
from Lemma 3.5, γ([0, 1]) ⊂ H . But γ(1) = p1 6∈ H .  
4. Some remarks and applications
4.1. Convexity with respect to the geodesics having the same causal char-
acter. In a semi-Riemannian manifold, the set of geodesics through a point p can
be divided into three disjoint subsets according to the causal character of the ini-
tial velocity vector at p. It is natural to ask if the equivalence in Theorem 3.6
holds restricting the geodesics, or equivalently the tangent vectors to H at any
p ∈ U ⊂ H , involved in the definitions of local, or infinitesimal convexity, to one of
these subsets.
To be more precise, let us give the definition of local and infinitesimal convexity,
taking into account causality. Let H be a non-degenerate embedded hypersurface of
(M, g), p ∈ H and Wp be the set of the timelike (resp. lightlike, spacelike) vectors
in TpM . Let U ⊂ H be a neighborhood of p in H and n be a unit normal smooth
vector field on U . We say that H is time- (resp. null-, space-) locally convex at
p0 ∈ H if there exists a neighborhood O of 0 ∈ Tp0H such that expp0(Wp0 ∩ O) is
contained in the closure of the connected component of a tubular neighborhood of
H ∩ U individuated by −n. Analogously, we say that a non-degenerate embedded
hypersurface H is time- (resp. null-, space-) infinitesimally convex in a neighbor-
hood U ⊂ H of p0 if its second fundamental form with respect to n is positive
semidefinite on timelike (resp. null, spacelike) vector field on TU , i.e Πp(v, v) ≥ 0,
for each p ∈ U and for all vectors v ∈Wp∩TpH . By Lemma 3.1, this last condition
is equivalent to (Hφ)p(v, v) ≤ 0, for all v ∈ Wp ∩ TpH , where φ is a function as in
Definition 3.3. As in Remark 3.2, defining time- (resp. null-, space-) infinitesimal
convexity in this last way allows one to consider also degenerate hypersurface.
Remark 4.1. Since the null cone at a point p ∈ M is the boundary of both the
subsets of spacelike and timelike vectors at p, if H is time- or space-infinitesimally
convex at a point p0 ∈ H then, by continuity, it is also null-infinitesimally convex.
We observe that Lemma 3.5 continues to hold for time- and space-infinitesimal
convexities, up to taking a smaller b > 0 as the upper limit of the interval of
definition of the geodesic γ. Indeed the projection map P is smooth and therefore,
since γ˙H(0) = γ˙(0) is timelike (resp. spacelike), the curve γH remains timelike
(resp. spacelike) on a right neighborhood of 0 ∈ R, thus inequality (4) is true for
s in such neighborhood (clearly, for null-infinitesimal convexity, this argument is
invalid).
Remark 4.2. On the contrary, under the weaker hypothesis that H is only time-
(resp. space-) infinitesimally convex in U , the proof of the “only if” part of The-
orem 3.6 becomes wrong because the set A, now defined as the set of the couples
of points in C that can be joined by a timelike (resp. spacelike) geodesic contained
in C is no longer closed, in fact the limit of a sequence of timelike or spacelike
geodesics might be a null geodesic, Remark 4.1. Moreover, allowing the limit be
a null geodesic leads to change the definition of A including points that can be
connected by a null geodesic but then A becomes non-open. Thus we leave the
following as an open problem:
CONVEXITY OF A HYPERSURFACE IN A SEMI-RIEMANNIAN MANIFOLD 9
Problem 4.3. Prove or disprove that for any smooth embedded hypersurface H in
a semi-Riemannian manifold (or, at least, in a Lorentzian manifold) time-, null- or
space- infinitesimal convexity in a neighborhood U ⊂ H of a point p ∈ H implies
the same type (time-, null- or space-) of local convexity at p.
Remark 4.4. A positive answer to this problem has been given in [12, Cor. 3.5 and
Rem. 3.8] for null/time-infinitesimal and local convexities of a hypersurface of the
type H0×R in a standard stationary Lorentzian manifoldM0×R, by reducing the
problem to a Finslerian one (cf. [13, 14] or [22]) and using the above mentioned
result [2].
4.2. Geometric convexity. Let Ω be an open subset of the semi-Riemannian
manifold (M, g) with C2 differentiable boundary ∂Ω. Let φ : M → R be a C2
function such that 0 is a regular value, φ−1(0) = ∂Ω and φ(x) > 0, for each x ∈ Ω.
In what follows, infinitesimal convexity of ∂Ω will be always considered as defined
in terms of the function φ globally defining ∂Ω as a regular level set.
Observe that under these assumptions ∂Ω is a a C2 embededd and oriented
hypersuface in (M, g) (the orientation is given by the transversal vector field ∇Rφ,
where ∇R is the gradient operator with respect to any auxiliary Riemannian metric
on M).
From Lemma 3.5, it immediately follows that if ∂Ω is infinitesimally convex at
any of its points then the following condition, called (e.g. in [29, 4, 3, 2]) geometric
convexity of ∂Ω or, equivalently, of Ω, holds:
◦ for any two points p, q ∈ Ω and for any geodesic arc γ : [0, 1] → M from p
to q, if γ([0, 1]) is contained in Ω ∪ ∂Ω then, actually, it is contained in Ω.
(observe that the same also happens for respectively time/space-infinitesimal con-
vexity of ∂Ω and timelike and spacelike geodesics).
This fact was already observed in [18, Th. 6] for a C3 domain Ω in a complete
Riemannian manifold. We emphasize that, from a technical point of view, local
convexity at each point of ∂Ω (which clearly implies geometric convexity), is harder
to prove than the other convexity notions except in the case when strongly (i.e. (1)
is satisfied with the strict inequality) infinitesimal convexity holds (cf. [29, Section
1], where strongly infinitesimal convexity is called strictly infinitesimal convexity);
for example, in trying to prove that infinitesimal convexity in a neighborhood of a
point p ∈ ∂Ω implies local convexity at p, we must encompass the possibility of a
geodesic γ = γ(t) oscillating between Ω and M \ Ω¯, as t → t0, with γ(t0) = p. In
other words, the fact that ρ is nonnegative is essential in differential inequality (5).
Anyway, if geometric convexity holds we immediately get, as in the first part of the
proof of Theorem 3.6, that ∂Ω is infinitesimal convex at any of its points. Thus we
can state:
Corollary 4.5. For any C2 open subset Ω of a semi-Riemannian manifold local,
infinitesimal and geometric convexity of ∂Ω are equivalent; moreover time/space-
infinitesimal convexity are respectively equivalent to time/space-geometric convex-
ity.
We recall that the first chain of equivalence holds also for a C2 open subset
of a Finsler manifold (see [2, Cor. 1.2] and recall Remark 2.1), while both the
equivalences between full infinitesimal and geometric convexity and time/space-
infinitesimal convexity and time/space-geometric convexity were obtained in [4,
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Ths. 4.3, 4.4 and Appendix A] for a C3 open subset of the type Ω = Ω0 × R in
a standard stationary Lorentzian manifold M = M0 × R. The equivalence in the
null case, already obtained in [4] for a static standard region, was proved in [3, Th.
2.5]. We observe that this last equivalence also follows by the results in [12] as in
Remark 4.4.
Space-, null- and time-geometric convexity, in a Lorentzian setting, were intro-
duced in [6] and were used there, together with variational methods, to prove exis-
tence and multiplicity results about the number of spacelike and timelike geodesics
connecting a couple of points (for timelike ones, only certain chronologically re-
lated points are to be considered) in an open subset Ω = Ω0 × R having space
or time-geometrically convex boundary of a standard static Lorentzian manifold
M = M0 × R. These results were extended to standard stationary Lorentzian
manifolds in [19]. Remarkably, null- and time-geometric convexity of some open
subsets of this type, contained in the outer Schwarzschild, Reissner-Nordstro¨m and
Kerr spacetimes, have been proved in [25, §7] (see also [7, 17, 12]). We stress that
these results were obtained by showing that the boundaries of such open subsets
are strongly infinitesimally convex and indeed the advantage of the notion of in-
finitesimal convexity with respect to the other ones relies, of course, in its direct
computability.
4.3. Some applications to geodesic connectedness. It is worth to observe that
geometric convexity extends the classical notion of convexity of a subset of Rm. For
example, assume that (M, g) is a smooth complete Riemannian manifold and Ω is
a smooth, connected open subset of M having geometrically convex boundary ∂Ω;
then there exists a (non necessarily unique) geodesic connecting p to q, contained
in Ω and having length equal to the distance in Ω between p and q. A way to prove
that is to apply both a minimization and a penalization argument to the energy
functional of the Riemannian manifold. We refer to [25, Cor. 4.4.7] for a proof,
using these variational methods, of the existence of a geodesic connecting p to q;
the minimizing property of such a geodesic can be proved as in [21, Remark at
p.448] while the case when ∂Ω is not differentiable and/or (M, g) is not complete
has been studied in [4].
This result also holds in a forward or backward complete Finsler manifold [2, Th.
1.3]. A more general result is obtained replacing the completeness of the Finsler
manifold (M,F ) with the assumption that the closure in Ω of any ball, with respect
to the symmetric distance associated to the the pseudo-distance induced by F on
Ω, is compact [2, Th. 1.3] and [12, Rem. 4.2].
Another way to prove such results is by using a shortening argument to the
length functional. In an open subset of a Lorentzian manifold satisfying good
causality properties, similar and in some aspects dual (cf. [27, p. 409]) arguments
are applicable. We refer to [27, Ch. 14] for more details on the the definitions and
notations about causality that we are going to use.
Let (M, g) be a time-oriented Lorentzian manifold and γ be a causal curve on
M (i.e., assuming for simplicity that γ is piecewise smooth, g(γ˙, γ˙) ≤ 0)). The
Lorentzian length of γ is defined as L(γ) =
∫
γ
√
−g(γ˙, γ˙). Let Ω be a subset of M
and p, q two points in Ω. We will denote by CΩpq the set of the future pointing causal
curves γ : [0, 1] → Ω such that γ(0) = p and γ(1) = q. We say that q is causally
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related to p in Ω and we write p <Ω q, if CΩpq 6= ∅. We define the time separation in Ω,
τΩ(p, q) ∈ [0,+∞], as τΩ(p, q) = supγ∈CΩpq L(γ), if C
Ω
pq 6= ∅ otherwise τ
Ω(p, q) = 0.
Proposition 4.6. Let (M, g) be a time-oriented Lorentzian manifold and Ω be a
C2, open subset such that Ω¯ is compact and strongly causal. Assume that ∂Ω is
convex (recall the first part of Corollary 4.5), then for any p, q ∈ Ω with p <Ω q
there is a future pointing causal geodesic γ ∈ CΩpq such that L(γ) = τ
Ω(p, q) (hence
τΩ(p, q) is finite).
Proof. Let {γn} be a sequence of curves, γn : [0, 1] → Ω, such that γn(0) = p,
γn(1) = q and L(γn) → τΩ(p, q). From [27, Ch. 14, Prop. 8] there is a limit
sequence p0 = p <
M p1 <
M . . . < pj <
M . . . (see [27, Ch. 14, Def. 7]) for {γn}.
Arguing as in the proof of [27, Ch. 14, Lemma 14] the limit sequence must be
finite, and the last point pm has to be equal to q. From the definition of a limit
sequence, there exist a subsequence {γk} and sequences {skj}, j = 0, . . . ,m, such
that γk(skj) → pj and then pj ∈ Ω¯; moreover there are convex neighborhoods
{Cj}j=0,...,m−1 associated to the limit sequence {pj}j=0,...,m such that pj , pj+1 ∈
Cj , for each j = 0, . . . ,m. From the second part of the proof of Theorem 3.6, we
know that the sets Cj ∩Ω are convex neighborhoods. Consider the future pointing
causal broken geodesic λ from p to q, with vertices pj , having one segment λj in each
convex set Cj (such broken geodesic is a quasi-limit of {γn}, [27, p. 406]). Consider
also the future pointing causal geodesics λkj connecting γk(skj) with γk
(
sk(j+1)
)
in3 Cj . By the smooth dependence of geodesics by boundary conditions in a convex
neighborhood ([27, Ch.5, Lemma 9]) the geodesics λkj converge in the C
2 topology
to λj and L(λkj)→ L(λj). Hence λ is contained in Ω¯ and, by the length maximizing
property of each causal geodesic segment in Cj (see [27, Ch. 5, Prop 34]), we get
τΩ(p, q) = limk L(γk) ≤ limk L(λk) = L(λ), where λk is the broken geodesics in
Ω with vertices γk(skj) and segments λkj . Since p belongs to Ω, the portion of λ
given by the first segment λ0 plus a small part λ
s
1 ⊂ λ1 starting at p1 and contained
in C0 cannot be entirely contained in ∂Ω and then, by Lemma 3.5, it cannot be
a pregeodesic. Therefore there exists a causal future pointing geodesic α0 having
length strictly greater than L(λ0) + L(λ
s
1), connecting p to the end point p
s
1 of λ
s
1.
By choosing a sequence of points {psh1} ⊂ C0 ∩ Ω, such that p
s
h1 → p
s
1, the future
pointing causal geodesics defined by the points p0 and p
s
h1 and having support in
C0 ∩ Ω converge, in the C
2 topology, to α0. Hence by Lemma 3.5, α0 does not
intersect ∂Ω in any of its inner points. As the end point ps1 belongs to C0 ∩ C1,
in an analogous way, replacing C0 with C1, we can construct a broken geodesic
segment α2 between p and p2, longer than α0 plus the segment of λ from p
s
1 and p2,
which does not intersect ∂Ω in any of its inner point. Thus in m steps, we construct
a future pointing causal broken geodesic α connecting p to q, entirely contained in
Ω and such that τΩ(p, q) ≤ L(λ) < L(α). This contradiction comes from the fact
that we have assumed that λ is not a geodesic. Using again Lemma 3.5, we conclude
that λ must be contained in Ω and τΩ(p, q) = L(λ).  
Since a globally hyperbolic Lorentzian manifold is strongly causal and the inter-
section of the causal future J+(p) of p with the causal past J−(q) of q is compact,
as in Proposition 4.6 we get the following.
3Observe that such geodesics must be causal and future pointing as the points γk(skj) and
γk
(
sk(j+1)
)
are causally related, see [27, Ch. 14, Lemma 2].
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Corollary 4.7. Let (M, g) be a globally hyperbolic Lorentzian manifold and Ω be
a C2 open subset. Assume that ∂Ω is convex, then for any p, q ∈ Ω with p <Ω q
there is a future pointing causal geodesic γ ∈ CΩpq such that L(γ) = τ
Ω(p, q).
We don’t know if we can replace the assumption of (infinitesimal or, equivalently,
local) convexity of ∂Ω in Proposition 4.6 with time-infinitesimal convexity (or even
time and null local convexity). In fact, in that case, we cannot state that the sets
Ci ∩ Ω associated to the limit sequence in the proof of Proposition 4.6 are convex
neighborhoods (recall Remark 4.2).
Problem 4.8. Does the conclusion of Proposition 4.6 (or of Corollary 4.7) hold
assuming that ∂Ω is time-infinitesimally convex?
In some globally hyperbolic stationary Lorentzian manifold we can obtain the
full geodesic connectedness of an open connected subset having convex boundary.
Indeed the following proposition holds.
Proposition 4.9. Let (M, g) be a Lorentzian manifold endowed with a complete
timelike Killing vector field K and admitting a smooth, spacelike, complete Cauchy
hypersurface. Let Ω be a C2 open connected subset of M having convex boundary
and which is invariant for the flow of K. Then for each p and q in Ω there is
a geodesic connecting p to q whose support is in Ω. Moreover, if Ω is also non
contractible, a sequence {γn} of spacelike geodesics in Ω connecting p to q exists
such that g(γ˙n, γ˙n) → +∞ and, if l : R → M is a flow line of K with l(R) ⊂ Ω,
then the number of timelike future pointing geodesics in Ω connecting each p ∈ Ω
to l(s) diverges as s→ +∞.
The above proposition extends the results in [28], where K is also assumed to
be static (i.e. its orthogonal distribution is integrable). It is based on the fact that
the existence of a smooth, spacelike, Cauchy hypersurface and the completeness of
K imply that (M, g) is isometric by the map ψ : S × R → M , where ψ is the flow
of K and S the Cauchy hypersurface, to a standard stationary spacetime S × R
(cf. [11, Th. 2.3]). As Ω is invariant for the flow of K, then Ω = Ω0 × R, with
Ω0 = S ∩ Ω and since S is complete, Ω0 ∪ ∂Ω0 is complete. Then, as in the case
without boundary in [11], one can prove that the projections on Ω0 of the curves
in a sublevel of the restriction of the energy functional of the standard stationary
region Ω0 × R to the manifold of the H1 curves γ connecting p to q and such that
g(γ˙, K) is constant a.e., are contained in a compact subset of Ω0∪∂Ω0. Then, using
a penalization argument as in [25, Section 4.2], the result follows as in [25, Sections
4.4 and 4.5].
We point out that, due to the particular variational setting, last part of the
statement of the above Proposition follows as well assuming that ∂Ω is only time-
infinitesimally convex (recall Problem 4.8). For a standard stationary region Ω0×R,
a result of this type, without assuming global hyperbolicity of the ambient spacetime
(M, g), has been obtained in [12, Th. 4.6].
Acknowledgements. I would like to thank M. Sa´nchez for suggesting to investigate
the topic of this note and for several useful comments. Moreover, I thank the local
organizing committee of the “VI International Meeting on Lorentzian Geometry,
Granada 2011” for the financial support and the hospitality during the workshop.
CONVEXITY OF A HYPERSURFACE IN A SEMI-RIEMANNIAN MANIFOLD 13
References
[1] Bao, D.; Chern, S.S.; Shen, Z.: An Introduction to Riemann-Finsler geometry. Graduate
Texts in Mathematics. Springer-Verlag, New York (2000)
[2] Bartolo, R.; Caponio, E.; Germinario A.; Sa´nchez, M.: Convex domains of Finsler and
Riemannian manifolds. Calc. Var. Partial Differential Equations 40, 335–356 (2011)
[3] Bartolo, R.; Germinario, A.: Convexity conditions on the boundary of a stationary space-
time and applications. Commun. Contemp. Math. 11, 739–769 (2009)
[4] Bartolo, R.; Germinario, A.; Sa´nchez, M.: A note on the boundary of a static Lorentzian
manifold. Differential Geom. Appl. 16, 121–131 (2002)
[5] Beem, J.K.; Ehrlich, P.E.; Easley, K.L.: Global Lorentzian Geometry, second edn. Mono-
graphs and Textbooks in Pure and Applied Mathematics. Marcel Dekker Inc., New York
(1996)
[6] Benci, V.; Fortunato, D.; Giannoni, F.: Geodesics on static Lorentzian manifolds with con-
vex boundary, in “Proc. Variational Methods in Hamiltonian Systems and Elliptic Equa-
tions”. Pitman Res. Notes Math. Ser. 243, 21–41. Longman (1990)
[7] Benci, V.; Fortunato, D.; Giannoni, F.: On the existence of geodesics in static Lorentz
manifolds with singular boundary. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 19, 255–289
(1992)
[8] Berger, M.: An extension of Rauch’s metric comparison theorem and some applications.
Illinois J. Math. 6, 700–712 (1962)
[9] Bishop, R.L.: Infinitesimal convexity implies local convexity. Indiana Univ. Math. J. 24,
169–172 (1974/75)
[10] Borisenko, A.A.; Olin, E.A.: The global structure of locally convex hypersurfaces in Finsler-
Hadamard manifolds. Mat. Zametki 87, 163–174 (2010)
[11] Candela, A. M.; Flores, J. L.; Sa´nchez, M.: Global hyperbolicity and Palais-Smale condition
for action functionals in stationary spacetimes. Adv. Math. 218, 515–536 (2008)
[12] Caponio, E.; Germinario, A.; Sa´nchez, M.: Geodesics on convex regions of stationary space-
times and Finslerian Randers spaces. Preprint URL http://arxiv.org/abs/1112.3892v1
(2011)
[13] Caponio, E.; Javaloyes, M.A.; Masiello, A.: On the energy functional on Finsler manifolds
and applications to stationary spacetimes. Math. Ann. 351, 365–392 (2011)
[14] Caponio, E.; Javaloyes, M.A.; Sa´nchez, M.: On the interplay between Lorentzian causality
and Finsler metrics of Randers type. Rev. Mat. Iberoamericana 27, 919–952 (2011)
[15] do Carmo, M.P.; Warner, F.W.: Rigidity and convexity of hypersurfaces in spheres. J.
Differential Geometry 4, 133–144 (1970)
[16] Ehrlich, P.; Kim, S.B.: A focal comparison theorem for null geodesics. Commun. Korean
Math. Soc. 6, 73–87 (1991)
[17] Flores, J.L.; Sa´nchez, M.: Geodesics in stationary spacetimes. Application to Kerr space-
time. Int. J. Theor. Phys. Group Theory Nonlinear Opt. 8, 319–336 (2002)
[18] Germinario, A.: Homoclinics on Riemannian manifolds with convex boundary. Dynam.
Systems Appl. 4, 549–566 (1995)
[19] Giannoni, F.; Masiello, A.: On the existence of geodesics on stationary Lorentz manifolds
with convex boundary. J. Funct. Anal. 101, 340–369 (1991)
[20] Giannoni, F.; Piccione, P.: An intrinsic approach to the geodesical connectedness of sta-
tionary Lorentzian manifolds. Comm. Anal. Geom. 1, 157–197 (1999)
[21] Gordon, W.B.: The existence of geodesics joining two given points. J. Differential Geom. 9,
443–450 (1974)
[22] Javaloyes, M.A´.: these proceedings
[23] Javaloyes, M.A´.; Piccione, P.: Comparison results for conjugate and focal points in semi-
Riemannian geometry via Maslov index. Pacific J. Math. 243, 43–56 (2009)
[24] Kim, S.B.: The focal Lorentzian comparison theorems for timelike geodesics. Honam Math.
J. 12, 17–25 (1990)
[25] Masiello, A.: Variational Methods in Lorentzian Geometry. Pitman Research Notes in Math-
ematics Series. Longman Scientific & Technical, New York (1994)
[26] Nomizu, K.: Remarks on sectional curvature of an indefinite metric. Proc. Amer. Math.
Soc. 89, 473–476 (1983)
14 E. CAPONIO
[27] O’Neill, B.: Semi-Riemannian geometry. Pure and Applied Mathematics. Academic Press
Inc., New York (1983)
[28] Piccione, P.: Existence of geodesics in static Lorentzian manifolds with convex boundary.
Proc. Roy. Soc. Edinburgh Sect. A 130, 189–215 (2000)
[29] Sa´nchez, M.: Geodesic connectedness of semi-Riemannian manifolds. Nonlinear Anal. 47,
3085–3102 (2001)
Dipartimento di Meccanica, Matematica e Managment
Politecnico di Bari
Via Orabona 4, 70125, Bari, Italy
E-mail address: caponio@poliba.it
